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Using the determinant quantum Monte-Carlo method, we elucidate the strain tuning of edge
magnetism in zigzag graphene nanoribbons. Our intensive numerical results show that a relatively
weak Coulomb interaction may induce a ferromagnetic-like behaviour with a proper strain, and
the edge magnetism can be enhanced greatly as the strain along the zigzag edge increases, which
provides another way to control graphene magnetism even at room temperature.
INTRODUCTION
The possible existence of magnetism in graphene has
been pursued intensively since this material was first
isolated[1, 2]. In past years, many theoretical propos-
als have been put forward on inducing magnetism, in-
cluding the use of strain, carrier doping, atomic defects,
grain boundaries, vacancies, hydrogen chemiadsorption,
and different shapes of edges or structures[3–21]. From
a theoretical point of view, electronic correlation is sug-
gested to play a key role in the possible existence of mag-
netism in graphene-based materials, and J. Viana-Gomes
et.al predicted that strain could enhance the magnetic
order at edges of ribbons and graphene quantum dots
from a tight-binding perspective in their pioneer works[3].
In perfect graphene, the interplay between Coulomb in-
teractions and the Van Hove singularity in the density
of states may lead to strong ferromagnetic fluctuations
in heavily doped single layer graphene systems[19], as
well as a possible ferromagnetic solution in biased bi-
layer graphene[20]. However, realizing a high doping level
in graphene-based material is a challenging problem[22],
and all the theoretical proposals are awaiting experimen-
tal realization.
In the vast field of carbon-based nanostructures, a cen-
tral concept is the fact that their physical properties
can change dramatically depending on their electronic
structure. As for graphene which is hexagonal Bravais
lattice, each unit cell consists of two carbon atoms so
that there are two sublattice in graphene, and due to
this bipartite nature, two kinds of edge can exist: zigzag
or armchair, as shown in Fig.1. It is further proposed
that the zigzag-shaped edges of the graphene nanorib-
bons may hold stable magnetism even at room temper-
ature and that their magnetic properties can be con-
trolled by external electric fields[23] or by using hydrogen
atoms[24],which may open a new path to realize spintron-
ics at the nanometre scale[4]. Most recently, a bottom-up
synthesis of zigzag graphene nanoribbons has been suc-
cessfully achieved through surface assisted polymeriza-
tion and cyclodehydrogenation of specifically designed
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FIG. 1. (Colour online) A piece of a honeycomb lattice dis-
playing zigzag edges with Ly = 6, which defines the width of
the ribbon in the transverse direction, and Lx = 12, indicat-
ing the length in the longitudinal direction. The lattice size
N = 2×12×6 = 144, where the blue and white circles indicate
the A and B sublattices, respectively. We consider the strain
along the zigzag direction. The dark line indicates t1 = t; red
lines indicate t2 = t3 = t− ∆. Here, t represents the nearest
hopping term, and ∆ represents the effect of strain.
precursor monomers to yield atomically precise zigzag
edges[25]. This provides a great opportunity for scien-
tific advancement in exploring edge magnetism in zigzag
graphene nanoribbons. The graphene nanoribbons are
much more promising as a way towards the realization
of electronic and spintronic devices that can operate at
room temperature.
In this paper, we explore a different avenue to con-
trol graphene magnetism. Here, we show that the strain
along the zigzag edge could induce a ferromagnetic-like
behaviour with a relatively weak Coulomb interaction. In
addition, our results suggest that edge magnetism with
a possible high Curie temperature is enhanced greatly as
the strain increases. The system we investigated is shown
in Fig.1.
MODEL AND METHODS
The system we study is graphene nanoribbons with
zigzag edges. In Fig.1, a sketch of a lattice with Lx = 12
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2and Ly = 6 is shown, where the blue and white circles
indicate the A and B sublattices respectively. The strain
is applied along the zigzag direction, as shown in the
figure. Dark lines indicate t1 = t (≈ 2.7 eV), and red
lines indicate t2 = t3 = t−∆. Here, t represents the usual
nearest hopping term, and ∆ represents the amplitude of
the strain.
The Hamiltonian of strained zigzag graphene nanorib-
bons can be described by the following Hubbard model:
H = −
∑
iησ
tη(a
†
iσbi+ησ + h.c.) + U
∑
i
(nai↑nai↓ + nbi↑nbi↓)
−µ
∑
iσ
(naiσ + nbiσ) (1)
where tη is the nearest hopping integral, µ is the chemical
potential and U is the on-site repulsion. Here, aiσ (a
†
iσ)
annihilates (creates) electrons at the site Ri with spin σ
(σ =↑, ↓) on sublattice A, and biσ (b†iσ) acts on electrons
of sublattice B such that naiσ = a
†
iσaiσ and nbiσ = b
†
iσbiσ.
In the calculation, we apply periodic boundary conditions
in the x direction and open boundary conditions at the
zigzag edge, and thus, we have a nanoribbon with zigzag
edges.
It has been reported that graphene has been estab-
lished in experiments as the strongest material ever
measured[26]. It is able to sustain reversible elas-
tic deformations up to 20% according to both ab ini-
tio calculations and experiments[27–29]. In addition,
the effect of tensional strain on the electronic prop-
erties of graphene has also been proved theoretically
through the tight-binding approach and density func-
tional calculations[30, 31]. The applied stress changes
the band structure of the materials as a consequence of
the modification of interatomic distances, which in turn
implies a change in the electronic-hopping parameters
tη. The hopping parameter dependence on the strain
has been analysed [31]. According to this, a deforma-
tion on the order of 20% corresponds to ∆t = 0.5t.
To explore the importance of strain on the magnetism
of graphene nanoribbons, we study strains in the range
of ∆ = 0.0 ∼ 0.50t. For investigating the electronic
correlation-induced edge magnetism theoretically, it has
been widely testified that an extended Hubbard model
is appropriate for a graphene-based material, and the in-
teraction should be approximately 1.6t[32]. We investi-
gate the interaction-dependent magnetism, and to em-
phasize the effect of electronic correlations on the mag-
netism in such system, we report results associated with
U in the range of 1.0t ∼ 4.0t. In this region of inter-
action, the nonperturbative numeric approach used in
the present work, the determinant quantum Monte-Carlo
(DQMC) method, is a very powerful tool for treating
both the edge geometry and the interaction. For more
details on this widely used method, we refer the reader
to Refs. [19, 33, 34].
FIG. 2. (Colour online) The edge magnetic susceptibility at
U = 2.0t for different strains.
To explore the magnetic properties of zigzag graphene
nanoribbons, one could calculate the magnetic suscepti-
bility by defining the spin susceptibility in the z direction
at zero frequency as
χ(q) =
1
Ns
∫ β
0
dτ
∑
d,d′=a,b
∑
i,j
eiq·(id−jd′ )〈mid(τ) ·mjd′ (0)〉
Here, mia(τ) = e
Hτmia(0)e
−Hτ with mia = a
†
i↑ai↑ −
a†i↓ai↓ and mib = b
†
i↑bi↑− b†i↓bi↓. In present study, we are
focusing on the edge magnetism, and in the following, we
investigate the edge magnetic susceptibility χe by making
the summation over the sites on both the top zigzag edge
and the bottom zigzag edge, and then taking an average
corresponding to the total number of sites Ne = 2 × Lx
at the edges.
RESULTS AND DISCUSSIONS
The temperature-dependent magnetic susceptibility
plays a key role in understanding the behaviour of mag-
netism. We first show the temperature-dependent edge
magnetic susceptibility in Fig.2 at half fillings for U =
2.0t with Lx = 12 and Ly = 6, in which we try to em-
phasize the importance of strain on the edge magnetism.
In Fig.2, 1/χe(T ) (symbols) are presented at different
strains for U = 2.0t and 〈n〉 =1.0 with linear fittings
(dashed lines). They exhibit the Curie-Weiss law
1/χe = (T − Tc)/A, (2)
which describes the magnetic susceptibility for a ferro-
magnetic material in the temperature region above the
Curie temperature. From Eq. 2, one may see that at
3T = Tc, the χe tends to diverge, and we may estimate the
Tc from the fitting data where the χe may diverge at some
temperature. Specifically, as strains are larger than 0.40t,
the intercepts on the T axis are finite, yielding a finite Tc.
Moreover, the finite Tc increases as the strain increases,
which means that one can tune the edge magnetism by
changing the stress. For example, at ∆ = 0.5t, the pos-
sible Tc is approximately 0.016t (≈ 400 K) while Tc at
∆ = 0.4t is approximately 0.001t (≈25 K) for U = 2.0t.
There is a visible deviation of the data for the straight
behavior, especially that at the low temperature region
of Fig.2. This deviation is mostly caused by the in-
creasing error bars as the temperature decreases. How-
ever, according to the origin of Curie-Weiss law, the
Curie-Weiss law describes the system at high tempera-
ture regime where T > Tc, and the data for high tem-
perature have a better linearity. Thus, the estimated
critical temperature is basically reliable as which is pri-
marily extrapolated from the high temperature data. We
may roughly estimate the error of Tc by using the sus-
ceptibility at the lowest temperature as the χe(Tlowest)
should contribute to the deviation mostly. δTc/Tc =
[Aδχe(Tlowest)/χ
2
e(Tlowest)]/Tc, which is around 15 per-
cent for the shown data, indicating that the value of Tc
should be statistically distinguishable from zero.
To learn more about the physics scenarios induced
by the Coulomb interaction U , we compute the χe of
graphene nanoribbons with different Coulomb interac-
tions U at the same strain in Fig.3, and the fitting data
are also shown. It is clear that for the same temperature
and strain, χe is enhanced by the interaction U . At the
same time, the ferromagnetic fluctuations dominate as
U > 2.0t for ∆ = 0.3t. Compared with the results shown
in Fig.2, we can find that both the Coulomb interaction
and strain can boost the emergence of ferromagnetic-like
behaviour in graphene nanoribbons. The results indi-
cate that edge magnetism could be much more promis-
ingly realized in such a strained graphene nanoribbon,
as the required interaction strength is very close to the
value of electronic correlation in real materials. To detect
whether our conclusions obtained above are dependent
on the lattice size, we study the magnetic susceptibility
for different lattice sizes in the inset of Fig. 3. The re-
sults for the same width Ly = 6 with different length,
Lx = 6 and Lx = 12, are almost the same within the
margin of error. For the same length Lx = 12, results
with different width, Ly = 6 and Ly = 8, are shown as
2 × 12 × 6 (dark circle) and 2 × 12 × 8 (blue triangle).
From the shown results, the edge magnetic susceptibil-
ity χe is slightly strengthened at low temperature as the
width increases.
The enhanced edge magnetism in such systems can be
understood from the change of the topological structure
induced by the strain. For the isotropic case of graphene,
the length of the edge flat band in the one-dimensional
Brillouin zone is 2pi/3, and ferromagnetism develops in
FIG. 3. (Colour online)The edge magnetic susceptibility χe
at strain ∆ = 0.3t with different interactions U .
FIG. 4. (Colour online) Band structure((a),(c),(e)) and den-
sity of states(DOS)((b),(d),(f)) of a 6-chain graphene nanorib-
bon system. There is the flat band located at Fermi level in
(a),(c),(e) which give rise to the DOS peak in (b),(d),(f). The
red dashed lines of all figures correspond to the Fermi level of
the nanoribbon system at half fillings.
4these edge flat bands due to the enhanced interaction ef-
fect, indicated by the divergence in the density of states.
The strain leads to a strong anisotropy in the hopping
parameters, and the edge flat band may extend further
over the Brillouin zone, which leads to stronger ferro-
magnetism. As is shown in Fig.4 (a),(c) and (e), the flat
band near the Fermi level of the half filled system ex-
tend as the strain increases, and such an extended flat
band bottom leads to a stronger peak in the density of
states at half filling, as that illustrated in Fig.4 (b), (d)
and (f). The decrease of hopping parameters caused by
strain also indicates that the effective interaction is in-
creased and thus that the required interaction strength
for ferromagnetism is lowered.
In graphene-based materials, one key issue is that their
chemical potential can be tuned by an external elec-
tric field, which means that the electron filling can be
changed. Thus, the filling-dependent magnetism should
also be an interesting point of investigation in doped
graphene nanoribbons. In Fig.5, the χe of a graphene
nanoribbon with different electron fillings at the same
strain and Coulomb interaction strength is shown. One
can see that, as the electron filling moves further from
half filling, the magnetism tends to be weakened, and
the ferromagnetic-like behaviour is suppressed when the
doping is larger than 5 percent.
As the system is doped away from the half filling, the
particle-hole symmetry is broken and the finite tempera-
ture quantum Monte Carlo method serves the notorious
sign problem, which prevents exact results for lower tem-
perature, higher interaction, or larger lattice. To make
sure the data present in Fig. 5 are reliable, the average
of sign depending on temperature T at different electron
fillings are shown in the inset of Fig. 5, with the Monte
Carlo parameters of 30 000 times runs. For the results
near half filling, our numerical results are reliable as one
can see that the average of corresponding sign is mostly
larger than 0.90 for U = 3.0|t| and ∆t = 0.3t with 30 000
times measurements. For electron fillings away from the
half filling, the average of sign decreases as the tempera-
ture is lowering, while it is larger than 0.25 for the lowest
temperature we reached. In order to obtain the same
quality of data as 〈sign〉 ' 1, the Monte Carlo runs has
been stretched by a factor on the order of is 〈sign〉−2[33].
In our simulations, some of the results are obtained with
more than 500 0000 times runs, and thus the results for
the current parameters are reliable.
It has been argued that there might be room tempera-
ture magnetic order on zigzag edges of narrow graphene
nanoribbons with the proper interaction strength[23]. In
Fig. 6(a), we show that the temperature required for the
magnetic order can be increased by increasing the strain.
More importantly, in Fig. 6(b), we plot the critical inter-
action Uc as a function of strain, in which one can see that
the required Uc for magnetism decreases as the strain in-
creases. At ∆ = 0.40t, the required Uc is approximately
FIG. 5. (Colour online) The edge magnetic susceptibility at
U = 3.0t and ∆ = 0.3t for different fillings.
FIG. 6. (Colour online)(a) Transition temperature Tc for
different strains and (b) the critical value of U for different
strains.
1.6t, and for ∆ = 0.50t, the possible required Uc is ap-
proximately 0.70t, which means that it is very promising
to realize room temperature magnetic order in strained
graphene nanoribbons, as both the required interaction
strength and strain are realistic in experiments.
CONCLUSION
In summary, we have studied the ferromagnetic prop-
erties in strained zigzag graphene nanoribbons by us-
ing the determinant quantum Monte-Carlo method. We
found that the edge magnetic susceptibility χe is en-
hanced greatly by the strain, and as a result, the critical
interaction Uc for magnetism at a given temperature is
reduced by the strain. Our proposal, based on a non-
perturbative numerical method, provides another way to
tune the edge magnetism even at room temperature in
zigzag graphene nanoribbons, which may be helpful to
spintronics and many other applications.
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